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This paper describes the relation between Clifford theory of
ﬁnite groups over any ﬁeld, and the Brauer–Clifford group. Let
G and G be ﬁnite groups, let π : G → G be a surjective group
homomorphism with kernel H , and let F be any ﬁeld. Let K be
any extension ﬁeld of F and let S be an irreducible K H-module.
We show that to S is associated in a natural way a speciﬁc
element [[S,π, F ]] of a Brauer–Clifford group deﬁned over π
and F . As a tool to prove the existence of this association, and to
study its properties, we use endoisomorphisms. These are simply
certain isomorphisms of related endomorphism algebras as G-
algebras over F . We show that two modules for two different
ﬁnite groups have the same (in an appropriate sense) element of
the Brauer–Clifford group if and only if there exists an appropriate
endoisomorphism.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Clifford theory plays a central role in the representation theory of ﬁnite groups. In earlier work the
author introduced the notion of the Brauer–Clifford group, and showed that its elements can be used
to record the Clifford theory over small ﬁelds of each individual Clifford theory setup up to isomor-
phism [3,4]. These tools were used in [5] to prove the existence of a nice character correspondence be-
tween characters lying above characters related by the Glauberman correspondence. In [1], it is proved
that the Brauer–Clifford group is isomorphic to the equivariant Brauer group introduced by Frölich and
Wall, so that many properties of the Brauer–Clifford group can be obtained from known properties of
this group. The original deﬁnition of the equivariant Brauer group does not appear to make the con-
nection of this group with Clifford theory easier to describe. In [6], the author simpliﬁed a number of
the deﬁnitions involved in the Brauer–Clifford group, and proved that these again lead to an isomor-
phic group. These deﬁnitions are ﬁne-tuned for their application to the connection to Clifford theory.
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of the Brauer–Clifford group, from the case of characteristic zero to the case of arbitrary characteristic.
We use throughout the deﬁnitions that were introduced in [6], and we show how the association of
this element is very natural and its basic properties easily proved. Furthermore, we study when two
elements of the Brauer–Clifford group associated with different Clifford theories are the same. In order
to answer this question, we introduce the concept of an endoisomorphism, and we show that the
elements of the Brauer–Clifford group associated with different Clifford theories are the same if and
only if there exists an appropriate endoisomorphism. Furthermore, we relate the concept of endoiso-
morphism to more classical concepts used in Clifford theory of ﬁnite groups.
We study Clifford theory with the following set up. G and G are ﬁnite groups, and we are given
a surjective homomorphism π : G → G . We take F to be an arbitrary ﬁeld. Since we are inter-
ested in rationality properties of Clifford theory, so we do not assume that F is algebraically closed.
We can parametrize the Clifford theory from an isomorphism class of some irreducible K ker(π)-
module S , where K is any extension ﬁeld of F . We obtain the appropriate G-ring of coeﬃcients
Z (S,π, F ) for the Brauer–Clifford group, Deﬁnition 3.8 below. We call Z (S,π, F ) the π -center G-
algebra of S because of its relationship to the center of a quotient of the group algebra F ker(π). It
turns out that Z (S,π, F ) is a commutative simple G-ring. This immediately allows us to deﬁne the
Brauer–Clifford group BrClif(G,Z (S,π, F )). We then deﬁne the corresponding element [[S,π, F ]] of
this Brauer–Clifford group in Deﬁnition 4.5.
We also study when two Clifford theories are isomorphic. We let G1, G2 and G be ﬁnite groups,
and we let π1 : G1 → G and π2 : G2 → G be surjective group homomorphisms. We let F be a ﬁeld,
and we let M1 be an FG1-module and M2 be an FG2-module. In some cases, M1 and M2 are related
by an endoisomorphism, Deﬁnition 4.2 below. We use this deﬁnition in our proofs. We see in Propo-
sition 4.7 below that essentially two Clifford theories are isomorphic if and only if there exists some
endoisomorphism between them. In Section 5, we study the close relationship of endoisomorphisms
with more classical concepts, such as Isaacs’s magic characters. The simple observation in Proposi-
tion 4.9 suggests that endoisomorphisms can be used well beyond the original context of a single
irreducible F H-module. In forthcoming papers, we will extend the concept of endoisomorphism fur-
ther, and use it to prove that it can induce a unique well-behaved correspondence of modules and
characters. Furthermore, we will use these concepts to prove the strengthened version of the Alperin–
McKay Conjecture for all p-solvable groups.
Note that we systematically write all functions on the left, and compose them from right to left.
This allows us, in particular, to compose characters with elements of Galois groups. We also use left
exponential notation (i.e. ga for the action of a group element g on an algebra element a).
2. Reminders and notation
We begin by reviewing some basic deﬁnitions and results related to the Brauer–Clifford group,
see [6] for details. In the present paper, we take ring to mean ring with identity. This simpliﬁes slightly
the deﬁnitions that we recall, but does not affect what we need for the present paper.
Deﬁnition 2.1. Let G be a ﬁnite group. A G-ring is a ring R together with a group homomorphism
φ : G → Aut(R) from G to the group of ring automorphisms of R . If R is a G-ring and r ∈ R , and
g ∈ G , then we set gr = φ(g)(r) to be the result of applying the automorphism corresponding to g to
the element r. This convention allows us to dispense from having to always have an explicit name for
the structural homomorphism φ. Often, we will denote the G-ring simply by R .
Deﬁnition 2.2. Let G be a ﬁnite group, and let R be a G-ring. We say that R is a simple G-ring if R is
not zero and it has no non-trivial proper two-sided G-invariant ideals.
Deﬁnition 2.3. Let G be a ﬁnite group, let Z be a commutative G-ring, and let A be a G-ring. We say
that A is a central G-algebra over Z if together with A we are also given a G-ring isomorphism
u : Z → Z (A) from Z to the center of A.
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known as the skew group ring) is deﬁned. Details about this deﬁnition can be found in [6].
Deﬁnition 2.4. Let G be a ﬁnite group and Z a commutative simple G-ring. We say that a central
simple G-algebra A over Z is trivial if there exists a non-zero ﬁnitely generated ZG-module M such
that EndZ (M) is isomorphic to A as central simple G-algebras over Z .
Deﬁnition 2.5. Let G be a ﬁnite group, and Z be a commutative simple G-ring. We deﬁne the Brauer–
Clifford group of G over Z to be the set
BrClif(G, Z)
together with a binary operation. The elements of BrClif(G, Z) are the equivalence classes of central
simple G-algebras of ﬁnite rank over Z , under the equivalence given as follows. Suppose A, and B are
central simple G-algebras of ﬁnite rank over Z . Then, we say that A is equivalent to B if and only if
there exist trivial central simple G-algebras T1 and T2 over Z such that
A ⊗Z T1  B ⊗Z T2
as central G-algebras over Z . The binary operation on BrClif(G, Z) is that induced by the tensor
product over Z of central simple G-algebras over Z .
The next theorem is proved in [6] using the present deﬁnitions, and can also be compared to
[3, Theorem 3.10].
Theorem 2.6. Let G be a ﬁnite group, and Z be a commutative simple G-algebra. Then, the Brauer–Clifford
group BrClif(G, Z) of G over Z is an abelian group.
3. π -Center G-algebras
The Brauer–Clifford is designed to study Clifford theory of some irreducible character of a ﬁnite
group, with respect to a normal subgroup. This was described in [3] for modules in characteristic
zero. Here we generalize these results to modules in any characteristic.
Our next deﬁnitions are generalizations of those in [3]. Instead of considering modules in charac-
teristic zero, we consider here modules in any characteristic whose restriction to the normal subgroup
is completely reducible.
We denote, as is standard, by J (R) the radical of a ring R . Of course, J (R) acts trivially on any
completely reducible R-module.
Deﬁnition 3.1. Let π : G → G be a surjective group homomorphism of ﬁnite groups, let H = ker(π),
and let F be a ﬁeld. We say that Z is a π -center algebra of F G if it is a G-algebra Z over F of the
following form. We set Z0 = Z (F H/ J (F H)), so that Z0 is a G-algebra over F , and, for some primitive
idempotent e of ZG0 we have Z = eZ0.
Proposition 3.2. Under the hypotheses of Deﬁnition 3.1, we have that there is a ﬁnite number of π -center
algebras of F G, and that each one of them, when viewed simply as a G-ring, is a commutative simple G-ring.
Proof. Set Z0 = Z (F H/ J (F H)). Then Z0 is a commutative G-algebra over F . Since F H/ J (F H) is a
semisimple ﬁnite-dimensional algebra over F , its center Z0 is isomorphic, as a ring, to the direct sum
of a ﬁnite number of ﬁelds. The primitive idempotents of ZG0 correspond exactly to the orbits of G
on the minimal ideals (ﬁelds) of Z0. Hence, there is a ﬁnite number of primitive idempotents of ZG0 ,
and for each primitive idempotent e of ZG0 , the π -center algebra Z = eZ0 of FG is a direct sum of
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commutative simple G-ring, as desired. 
Deﬁnition 3.3. Let π : G → G be a surjective group homomorphism of ﬁnite groups, let H = ker(π),
and let F be a ﬁeld. Let K be an extension ﬁeld of F , and let S be some irreducible K H-module. An
FG-module M is said to be S-quasihomogeneous if M = 0 and the restriction of M to H is completely
reducible and each irreducible submodule of ResGH (M) has some G-conjugate which is isomorphic to
some irreducible F H-submodule of ResK HF H (S).
Remark 3.4. Of course, the notion of S-quasihomogeneous remains the same when S is replaced by
an isomorphic module, or by a G-conjugate module. For this reason, we can also take S to be an
irreducible K J -module where J is any subgroup of G that contains H , and consider the class of
irreducible direct summands of its restriction to H . Furthermore, we can replace S by its K -character
or its Brauer character.
The following lemma is well known.
Lemma 3.5. Let H be a ﬁnite group and let K/F be any ﬁeld extension. Then, we may view F H as a subring
of K H, and we may view K H = K ⊗F F H. With these conventions we have J(F H) = J (K H) ∩ F H.
Proof. Since H is a ﬁnite group, J (K H) is the maximum nilpotent ideal of K H , and J (F H) is the
maximum nilpotent ideal of F H . Since J (K H) ∩ F H is a nilpotent ideal of F H , we obtain J (K H) ∩
F H ⊆ J (F H). Since K ⊗F J (F H) is a nilpotent ideal of K H , we get K ⊗F J (F H) ⊆ J (K H), which
implies J (F H) ⊆ J (K H) ∩ F H . Hence, J (F H) = J (K H) ∩ F H , as desired. 
Remark 3.6. It follows that, in the situation of the lemma, F H/ J (F H) is canonically isomorphic to a
subalgebra of K H/ J (K H), namely it is isomorphic to F H + J (K H)/ J (K H).
Proposition 3.7. Assume the hypotheses of Deﬁnition 3.3. Let
ρ : F G → EndF (M)
be the representation corresponding to M. Then each π -center algebra Z of F G is naturally sent by ρ to a sub-
algebra ρ˜(Z) of EndF H (M), and ρ˜(Z) is zero in all but exactly one of the cases. In the exceptional case ρ˜(Z) is
isomorphic to Z . Furthermore, Z depends only on S and not on the particular S-quasihomogeneous module M.
Proof. Set Z0 = Z (F H/ J (F H)), then Z is a direct summand of Z0. Since S is an irreducible K H-
module, J (K H) acts trivially on S . It follows, by Lemma 3.5, that J (F H) acts trivially on S and on M .
Hence, we may view S also as a Z0-module. We know that S is not zero. Hence, there is some
primitive idempotent e of ZG0 which acts non-trivially on S . Now eS and (1 − e)S are KG-modules
whose intersection is trivial. Since eS is not trivial, it follows that (1 − e)S = 0, and this implies that
all π -center algebra Z of FG is naturally sent by ρ to a subalgebra ρ˜(Z) of EndF H (M), and that ρ˜(Z)
is zero in all but exactly one π -center algebra Z of FG . Let Z be the exceptional π -center algebra Z
of FG . Then, the kernel of ρ˜ on Z is G-invariant, and, since Z is a simple G-ring, this implies that
ker(ρ˜) = 0. Hence, in this case Z and ρ˜(Z) are isomorphic, and the lemma holds. 
Deﬁnition 3.8. In the situation of Proposition 3.7, we say that the exceptional π -center algebra Z
of FG is the π -center algebra of F G associated with S . The map ρ˜ provides a canonical isomorphism
from Z to a subalgebra of EndF (M). We write Z = Z (S,π, F ).
Remark 3.9. It is not hard to see that, in the case when F has characteristic zero, Deﬁnition 3.8 of
the center algebra in terms of modules yields a G-algebra Z which is isomorphic to the one deﬁned
in [3] in terms of characters.
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can be used to describe the G-algebra Z (S,π, F ) in terms of characters. A sketch of how to do this is
provided by the next proposition.
Proposition 3.10. Assume the hypotheses of Deﬁnition 3.8, and assume that the ﬁeld F is of characteris-
tic zero. Let the module S be deﬁned over the ﬁeld K . Take F to be an algebraic closure of F such that
F ∩ K is the algebraic closure of F in K . Take the characters of ﬁnite groups to be functions from the ﬁnite
group to F . Let θ1 be an (absolutely) irreducible character contained in the character afforded by S, and let
θ1, . . . , θs, . . . , θr be the G × Gal(F/F )-orbit of θ1 , where θ1, . . . , θs are representatives for the Gal(F/F )-
orbits. Set Z = Z (S,π, F ), and let ωθi be the central character associated with θi viewed as a function Z → F .
Deﬁne Ω : Z → F (θ1) ⊕ · · · ⊕ F (θs) by
Ω(z) = (ωθ1(z), . . . ,ωθs (z)
)
.
Then there is a G-algebra structure on F (θ1) ⊕ · · · ⊕ F (θs), in such a way that Ω is an isomorphism of G-
algebras.
Proof. We remark that Z has a natural F -algebra structure. Note that θ1, . . . , θr are exactly the dis-
tinct characters afforded by the F H-modules which are isomorphic to some G-conjugate of some
irreducible submodule of F ⊗F ResK HF H (S). It follows that r = dimF (Z). Set Θ = F (θ1) ⊕ · · · ⊕ F (θs).
Then Θ is a commutative algebra over F , and so also a commutative ring. Since all θi are conju-
gate, F (θi) does not depend on i. It follows that the dimension dimF (F (θi)) does not depend on i,
so each Gal(F/F )-orbit of θi has the same length, and s[F (θ1) : F ] = r. Now r = dimF (Z) = dimF (Θ).
The central character ωθi is an F -algebra homomorphism from Z (F H) to F . Furthermore, Z (F H) is
an F -subalgebra of Z (F H), and J (F H) = 0, as the characteristic of F is zero. Hence, we may restrict
the central characters to F -algebra homomorphisms Z0 → F . It follows that Ω is well deﬁned and
is an F -algebra homomorphism. By the choice of e, we also have that Ω is not zero. The kernel
of Ω is an ideal of Z . Furthermore, if z ∈ ker(Ω), then ωθi (z) = 0 for i = 1, . . . , s, which implies that
the same identity holds more generally for i = 1, . . . , r, as the new maps can be obtained by follow-
ing the previous ones by suitable Galois automorphisms. Hence Ω is injective, and it follows from
the dimensions that Ω is an algebra isomorphism. This isomorphism provides Θ with a G-algebra
structure, and completes the proof of the proposition. 
Under the hypotheses of Deﬁnition 3.3, there always exists a G-module M over F which is S-quasi-
homogeneous. For example, we may take M as follows. We take V to be any irreducible F H-module
contained in eF H/ J (F H), then the module M = IndGH (V ) is S-quasihomogeneous.
Theorem 3.11. Let π : G → G be a surjective group homomorphism of ﬁnite groups, let H = ker(π), and let F
be a ﬁeld. Let K be an extension ﬁeld of F , and let S be some irreducible K H-module. Set Z = Z (S,π, F ). Let
M be an S-quasihomogeneous F G-module. Then EndF H (M) is a central simple G-algebra of ﬁnite rank over Z .
Proof. Let ρ : FG → EndF (M) be the representation corresponding to the module M . Set Z0 =
Z (F H/ J (F H)). As in Proposition 3.7, then Z is a direct summand of Z0, and, there is a unique primi-
tive idempotent e of ZG0 which acts non-trivially on M , and we have Z = eZ0. Furthermore, ρ induces
an injective homomorphism ρ˜ : Z → EndF (M). Since the restriction of M to H is completely reducible,
we know that J (F H) ⊆ ker(ρ). Hence, ρ induces a homomorphism ρ : F H/ J (F H) → EndF (M). Since
ρ(e) is the identity of EndF (M), we have ρ(eF H/ J (F H)) = ρ(F H). Furthermore, G acts by conju-
gation on both eF H/ J (F H) and ρ(F H), and ρ preserves the G-action. By Proposition 3.7, G acts
transitively on the primitive idempotents of Z , hence G acts transitively on the minimal ideals of
eF H/ J (F H). Since ρ(F H) is not trivial, it follows that ρ provides an isomorphism from eF H/ J (F H)
to ρ(F H). Since eF H/ J (F H) is a direct sum of simple algebras and its center is isomorphic to Z ,
we get that EndF H (M) is a direct sum of simple algebras, and its center is also isomorphic to Z .
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sentative in F H for each element of Z . It is clear that G acts on EndF H (M), and so this action and the
restriction of ρ to Z provide to EndF H (M) the structure of a central G-algebra over Z . Now, G acts
transitively on the minimal ideals of EndF H (M), and it follows that EndF H (M) is a central simple
G-algebra over Z . 
Lemma 3.12. Assume the hypotheses of Theorem 3.11. Suppose that Λ is a non-zero free FG-module.
Then M ⊗F Λ is an S-quasihomogeneous F G-module, and the Z-central simple G-algebras EndF H (M) and
EndF H (M ⊗F Λ) represent the same element of BrClif(G, Z).
Proof. It follows from the deﬁnition that M ⊗F Λ is an S-quasihomogeneous FG-module. By Theo-
rem 3.11, this implies that EndF H (M ⊗F Λ) is a central simple G-algebra over Z . On the other hand,
we have the natural identiﬁcation
EndF H (M ⊗F Λ) = EndF H (M) ⊗F EndF (Λ),
and, following the construction in the theorem, we see that this identiﬁcation preserves the G-algebra
over Z structure. Now Z ⊗F Λ is a non-zero ﬁnitely generated module over ZG , and setting T =
EndZ (Z ⊗F Λ), we see that T is a trivial G-algebra over Z . Since
EndF H (M) ⊗F EndF (Λ)  EndF H (M) ⊗Z T ,
it follows that EndF H (M) and EndF H (M ⊗F Λ) deﬁne the same element of the Brauer–Clifford group
BrClif(G, Z), as desired. 
In Theorem 4.4 below, we prove that the element of the Brauer–Clifford group associated by Theo-
rem 3.11 to S does not depend on the choice of S-quasihomogeneous module. The proof of this result
ultimately relies on the fact that certain G-algebras arising from different modules are isomorphic.
We will call such isomorphisms endoisomorphisms, and we will use these to describe below more
generally when two Clifford theories are the same. Only a trivial case of endoisomorphism is used in
the proof of Theorem 4.4, so it is easy to rephrase the proof without referring to this new concept.
However, the concept of endoisomorphism is simple enough, and will be used further below and in
forthcoming papers. We introduce the concept of endoisomorphism now, before proceeding with the
proof of Theorem 4.4.
4. Endoisomorphisms
In this section we study how Clifford theories arising from different groups can be related. For
convenience, we label the following hypotheses.
Hypotheses 4.1. Let G , G ′ and G be ﬁnite groups, and suppose we are given surjective homomor-
phisms π : G → G and π ′ : G ′ → G whose kernels are, respectively, H and H ′ .
The key to an isomorphism between two Clifford theories is the deﬁnition below of endoiso-
morphism. We refer the reader to Remark 4.8 below to see how this concept relates to the classical
concepts of magic representation and magic character. Our deﬁnition of endoisomorphisms is given here
in the context of the modules that we discuss in the paper (ﬁnitely generated modules and deﬁned
over a ﬁeld). We will later make use of them in much more general contexts. In particular, we will
not even assume that the modules are deﬁned over a ﬁeld or are ﬁnitely generated to deﬁne our
concept.
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an FG ′-module. An endoisomorphism over F from M to M ′ is a map





which is an isomorphism of G-algebras over F . We will write

 : M M ′
to mean that 
 is an endoisomorphism from M to M ′ .
The most obvious way (but not the only way) to obtain endoisomorphisms is from module iso-
morphisms.
Proposition 4.3. Assume Hypotheses 4.1with G = G ′ and π = π ′ . Let M and M ′ be FG-modules, and assume
φ : M → M ′
is an FG-module isomorphism. Then φ induces naturally an endoisomorphism
φ̂ : M M ′.
Furthermore, let ρ : FG → EndF (M) and ρ ′ : FG → EndF (M ′) be the representations associated with re-
spectively M and M ′ . Then, for each z ∈ Z (F H), we have ρ(z) ∈ Z (EndF H (M)), ρ ′(z) ∈ Z (EndF H (M ′)) and
ρ ′(z) = φ̂(ρ(z)).
Proof. Of course, the map φ̂ is deﬁned by φ̂(a) = φaφ−1 for all a ∈ EndF H (M). It then follows from
straightforward computations that φ̂ : EndF H (M) → EndF H (M ′) is an isomorphism of G-algebras, and
satisﬁes all the stated conditions. 
Theorem 4.4. Let π : G → G be a surjective homomorphism of ﬁnite groups, let H = ker(π), let F be a
ﬁeld, let K be an extension ﬁeld of F , and let S be an irreducible K H-module. Let Z = Z (S,π, F ) be the
π -center algebra of F G associated with S. Suppose that M is any S-quasihomogeneous G-module over F .
Then EndF H (M) is a central simple G-algebra of ﬁnite rank over Z . Furthermore, the class in BrClif(G, Z) of
EndF H (M) does not depend on the choice of M.
Proof. By Theorem 3.11, EndF H (M) is a central simple G-algebra of ﬁnite rank over Z . Hence, it only
remains to show that its class in BrClif(G, Z) does not depend on the choice of M . Hence, we suppose
that M and M1 are S-quasihomogeneous FG-modules.
By hypothesis, the restriction ResGH (M) is completely reducible. Furthermore, it is the direct sum of
its homogeneous components. Multiplication by G acts transitively on the homogeneous components
of ResGH (M). Let α > 0 be the multiplicity in Res
G
H (M) of some irreducible H-module over F . Then α
is the multiplicity of any irreducible H-module over F which occurs in ResGH (M).
The irreducible H-modules that occur in ResGH (M1), when viewed up to isomorphism, are exactly
the same as those that occur in ResGH (M). Let β > 0 be the multiplicity in Res
G
H (M1) of some irre-
ducible H-module over F . Let Λ be a trivial FG-module of dimension β over F , and let Λ1 be a
trivial FG-module of dimension α over F . Then, M ⊗F Λ and M1 ⊗F Λ1 are FG-modules and
ResGH (M ⊗F Λ)  ResGH (M1 ⊗F Λ1).
It follows that if R is a free FG-module of rank 1, then
M ⊗F Λ ⊗F R  M1 ⊗F Λ1 ⊗F R
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that
EndF H (M ⊗F Λ ⊗F R)
is a Z -central G-algebra over Z of ﬁnite rank and that its class in BrClif(G, Z) is the same as the class
of EndF H (M). Similarly, the class of
EndF H (M1 ⊗F Λ1 ⊗F R)
in BrClif(G, Z) is the same as the class of EndF H (M). By Proposition 4.3, the existence of the module
isomorphism implies that there is an endoisomorphism
φ̂ : M ⊗F Λ ⊗F R M1 ⊗F Λ1 ⊗F R
in other words the map
φ̂ : EndF H (M ⊗F Λ ⊗F R) → EndF H (M1 ⊗F Λ1 ⊗F R)
is an isomorphism of central simple G-algebras over Z . Then, it follows that EndF H (M) and
EndF H (M1) are in the same element of the Brauer–Clifford group BrClif(G, Z), as desired. 
In the situation of the theorem, we have that S gives rise to a unique element of BrClif(G,
Z (S,π, F )). We set some notation for this situation.
Deﬁnition 4.5. Let π : G → G be a surjective homomorphism of ﬁnite groups, let H = ker(π), let F be
a ﬁeld, let K be an extension ﬁeld of F , and let S be an irreducible K H-module. Let Z = Z (S,π, F ) be
the π -center algebra of FG associated with S . Suppose that M is any S-quasihomogeneous G-module
over F . Then, by Theorem 4.4, EndF H (M) is a central simple G-algebra of ﬁnite rank over Z , and the
class in BrClif(G, Z) of EndF H (M) does not depend on the choice of M . We denote by
[[S]] = [[S,π, F ]] ∈ BrClif(G, Z)
the element of BrClif(G, Z) that EndF H (M) deﬁnes. We say that this is the element of the Brauer–Clifford
group associated to S .
Remark 4.6. It follows from Theorem 4.4 that [[ψ]] depends only on the isomorphism class of the
irreducible module S . Hence, if ψ is the character or the Brauer character afforded by S , we may
substitute the ψ for S in the above deﬁnition and set [[S]] = [[ψ]]. Furthermore, it follows from our
deﬁnitions that [[S]] does not vary if we replace S by some G-conjugate module of S . If we are
given an irreducible module or character S0 of some subgroup of G that contain H , and we let S be
isomorphic to any direct summand of ResH (S0), then we also set [[S0]] = [[S]]. In the case of modules
of characteristic zero this corresponds to the deﬁnition given in [3].
The following proposition provides necessary and suﬃcient conditions for two modules arising
from different groups to have essentially the same element of the Brauer–Clifford group associated to
them.
Proposition 4.7. Assume Hypotheses 4.1. Let F be a ﬁeld, and let K and K ′ be extension ﬁelds of F . Let S
be an irreducible K H-module and let S ′ be an irreducible K ′H ′-module. Let Z = Z (S,π, F ) be the π -center
G-algebra of F G associated with S, and let Z ′ = Z (S ′,π ′, F ) be the π ′-center G-algebra of F G ′ associated
with S ′ . Then, the following are equivalent:
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([[S]]) = [[S ′]] ∈ BrClif(G, Z ′),
where we denote by
α : BrClif(G, Z) → BrClif(G, Z ′)
the group isomorphism induced by α.
(2) There exist modules M and M ′ such that M is an S-quasihomogeneous F G-module, M ′ is an S ′-quasiho-
mogeneous F G ′-module over F , and an endoisomorphism over F from M to M ′ .
Proof. Suppose ﬁrst that (2) holds. Let





be an endoisomorphism over F . Then, by Deﬁnition 4.5, there is an isomorphism from Z to
Z (EndF H (M)) arising from the representation homomorphism, and this makes EndF H (M) into a
central simple G-algebra over Z which represents [[S]]. Similarly, there is an isomorphism from Z ′
to Z (EndF H ′ (M ′)), and it makes EndF H ′ (M ′) into a central simple G-algebra over Z ′ which repre-
sents [[S ′]]. Furthermore, 
 restricts to an isomorphism of the centers. We then obtain an isomorphism
α : Z → Z ′ satisfying the conditions of (1).
We now assume that (1) holds. Let M1 be an S-quasihomogeneous FG-module, and let M2 be an
S ′-quasihomogeneous FG ′-module. Now, there exist trivial G-algebras T1 over Z and T2 over Z ′ , and
an isomorphism of G-rings
β : EndF H (M1) ⊗Z T1 → EndF H ′(M2) ⊗Z ′ T2
such that the restriction of β to Z → Z ′ is α. In particular, β is an isomorphism of G-algebras over F .
By deﬁnition of trivial G-algebra, we can ﬁnd some non-zero ﬁnitely generated ZG-module Λ1, and
some non-zero ﬁnitely generated Z ′G-module Λ2 such that
EndZ (Λ1)  T1 and EndZ ′(Λ2)  T2.
Set M = M1 ⊗Z Λ1 and M ′ = M2 ⊗Z ′ Λ2. Then, M can be viewed as an S-quasihomogeneous FG-
module, and M ′ can be viewed as an S ′-quasihomogeneous FG ′-module. Furthermore,
EndF H (M1) ⊗Z T1  EndF H (M)
as G-algebras over Z , and




as G-algebras over Z ′ . It follows that, with appropriate identiﬁcations, β provides the required endo-
isomorphism over F . Hence, (2) holds. 
Remark 4.8. Given a ﬁxed α as in (1), there may exist many choices of endoisomorphism as in (2).
The following proposition implies that if our modules are such that their restriction to the pre-
ferred normal subgroup is completely reducible, then, under appropriate hypotheses, one could put
together various endoisomorphisms to make a single bigger endoisomorphism.
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π : G → G whose kernel is H. Let F be a ﬁeld. Let M be a G-module over F such that ResGH (M) is com-
pletely reducible. Then there exist irreducible submodules N1, . . . ,Nα of ResGH (M), and Ni-quasihomogeneous
submodules Mi of M such that
M = M1 ⊕ · · · ⊕ Mα,
and, with natural identiﬁcations, we have
EndF H (M) = EndF H (M1) ⊕ · · · ⊕ EndF H (Mα).
Proof. Set Z = Z (F H/ J (F H)). Then Z acts on any module whose restriction to an F H-module is
completely reducible, and, in particular, it acts on M . Let e1, . . . , eβ be the primitive idempotents
of ZG , and we choose the ordering in such a way that eiM = 0 for i = 1, . . . ,α and eiM = 0 for i =
α +1, . . . , β . We have that e1 +· · ·+ eα + eα+1 +· · ·+ eβ = 1, the idempotents are orthogonal to each
other and, in their action on M , they commute with EndF H (M). We set Mi = eiM for i = 1, . . . ,α.
Now these Mi are non-trivial FG-submodules of M . For each i = 1, . . . ,α, we choose Ni to be an
irreducible F H-submodule of ResGH (Mi). Then, Mi is an Ni-quasihomogeneous submodule of M by
Deﬁnition 3.3. Furthermore, identifying ei with its action on M , we see that EndF H (Mi) is canonically
identiﬁed with ei EndF H (M), so that the direct decomposition follows. 
The previous proposition suggests that, in certain situations, given a collection of endoiso-
morphisms these can be put together into a single one using direct sums. Hence, even though the
Brauer–Clifford group is most easily deﬁned starting with one irreducible module, the use of endoiso-
morphisms can be used to describe relationships between modules for more general kinds of modules,
including some whose restriction to the normal subgroup involves multiple conjugacy classes of irre-
ducible modules.
5. Endoisomorphisms in the classical case
Unique correspondences of characters in certain situations of Clifford theory have been deﬁned by
Isaacs and others using the concept of magic character or magic representation. In this section we show
how endoisomorphisms are closely connected to magic characters in the classical case. In the classical
case, one works over the complex numbers C, and one ﬁrst performs a series of reductions until one
is left with a particularly interesting case for Clifford theory as follows.
Suppose that G is a ﬁnite group, K is a normal subgroup of G , and H is a supplement to K in
G , so that H is a subgroup of G and K H = G . We set L = H ∩ K . Suppose that θ ∈ Irr(K ) is G-
invariant, φ ∈ Irr(L) is H-invariant, and ResKL (θ) = aφ for some positive integer a with [K : L] = a2.
We let eφ and eθ denote the central idempotents corresponding to φ and θ respectively. Since θ
vanishes outside of L, it follows from the formula for the idempotent associated with a character that
eθ = eφ and we set e = eθ = eφ . Then eCK is a full matrix algebra of dimension θ(1)2 over C, and
eCL is a full matrix algebra of dimension φ(1)2 over C. Furthermore, eCL is a subalgebra of eCK .
We set E = CeCK (eCL). Then E is a full matrix algebra of dimension a2, and H/L acts on E , so E
is an H/L-algebra. The classical notion of a magic representation is simply any group homomorphism
H/L → E× that shows that E is a trivial H/L-algebra. In other words, a magic representation is a group
homomorphism ρ : H/L → E× such that, for all b ∈ E and h ∈ H , we have hb = hLb = ρ(hL)bρ(hL)−1.
Since E is a full matrix algebra, the magic representation ρ corresponds to a CH/L-module N , and
the classical notion of a magic character is simply the character afforded by this module, or, in other
words, the map ρ followed by the matrix trace map E → C.
From the point of view of the present paper, the above hypotheses yield the following set up. We
set G = G/K , and we let π : G → G be the natural projection, and we let π ′ : H → G be restriction
to H of π . Both π and π ′ are surjective homomorphisms of ﬁnite groups. Notice that θ ∈ Irr(ker(π)),
and φ ∈ Irr(ker(π ′)). Since in characteristic zero the radical of a ﬁnite group algebra is always zero,
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π ′-center algebra Z (φ,π ′,C) of CH associated with φ is canonically isomorphic to eZ (CL). Since the
values of θ outside of L are all zero, we have that eZ (CK ) = eZ (CL), and it follows that Z (θ,π,C) =
Z (φ,π ′,C)  C.
We let M0 be any θ -quasihomogeneous CG-module. If we want to have a speciﬁc module M0,
we may take, for example, M0 = eCG . We set M = M0 ⊗C N and M ′ = ResGH (M0). If we also view N
as a CG/K -module, then M is a θ -quasihomogeneous CG-module, and M ′ is a φ-quasihomogeneous
CH-module. Furthermore
EndCK (M) = EndCK (M0) ⊗C E
with the appropriate identiﬁcations. Now identifying E with its image in EndC(M0) under the repre-
sentation, we deﬁne an algebra homomorphism






( f ⊗C g) = f g for all f ∈ EndCK (M0) and g ∈ E , where on the left g is identiﬁed with its image
under the representation homomorphism. It is straightforward to check that this deﬁnes a G-algebra
homomorphism. Since the domain of 
 is a simple algebra over C, 
 is injective. A dimension count
then completes the proof that 
 is an isomorphism. Hence, 
 is an isomorphism of G-algebras over C,
and, thus 
 is an endoisomorphism from M to M ′ .
Identifying Z (θ,π,C) = Z (φ,π ′,C) with C, we have that
[[θ,π,C]] ∈ BrClif(G,C)




is represented by EndCL(M ′). The endoisomorphism 
 induces the identity on C and shows that
[[θ,π,C]] = [[φ,π ′,C]].
The above discussion shows that the concept of magic character can be easily deﬁned using the
concept of trivial G-algebra, and that, furthermore, each magic character produces in a natural way a
speciﬁc endoisomorphism.
Proposition 4.7 shows that equality of elements of the Brauer–Clifford group associated to Clif-
ford theory can be expressed in terms of endoisomorphisms of modules. As we saw above, magic
representations are very closely connected to endoisomorphisms in the classical case. We note that
Ladisch [2] proposed a generalization of magic representations under slightly more general conditions
than the classical ones, and he proposed it as a substitute for the Brauer–Clifford group in these cases.
In subsequent papers we will see how, in general, two Clifford theories which are described by
the same element of the Brauer–Clifford group are equivalent, and the actual equivalence is uniquely
(in an appropriate sense) determined by the choice of the endoisomorphism. This will generalize the
correspondence of characters determined by the magic character in the classical case.
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